Hund-induced orbital isotropy of magnetic fluctuations in perovskite
  materials by Stepanov, Evgeny A. et al.
Hund-induced orbital isotropy of magnetic fluctuations in perovskite materials
Evgeny A. Stepanov,1, 2 Yusuke Nomura,3 Alexander I. Lichtenstein,1, 2 and Silke Biermann4, 5
1I. Institute of Theoretical Physics, University of Hamburg, Jungiusstrasse 9, 20355 Hamburg, Germany
2Theoretical Physics and Applied Mathematics Department,
Ural Federal University, Mira Str. 19, 620002 Ekaterinburg, Russia
3RIKEN Center for Emergent Matter Science, 2-1 Hirosawa, Wako, Saitama 351-0198, Japan
4CPHT, CNRS, Ecole Polytechnique, Institut Polytechnique de Paris, F-91128 Palaiseau, France
5Colle`ge de France, 11 place Marcelin Berthelot, 75005 Paris, France
Characterizing non-local magnetic fluctuations in materials with strong electronic Coulomb interactions re-
mains one of the major outstanding challenges of modern condensed matter theory. Here, we address the spatial
symmetry and orbital structure of magnetic fluctuations in perovskite materials, within an anisotropic three-
orbital model with a cubic t2g symmetry. To this effect, we develop a consistent multi-orbital diagrammatic
extension of dynamical mean field theory, which allows for a proper description of many-body effects. We find
that the form of spatial spin fluctuations is governed by the local Hund’s coupling. For small values of the
coupling, magnetic fluctuations are anisotropic in orbital space, which reflects the symmetry of the considered
t2g model. Large Hund’s coupling enhances collective spin excitations, which mixes orbital and spatial degrees
of freedom, and magnetic fluctuations become orbitally isotropic. Remarkably, this effect can be seen only for
two-particle quantities, because single-particle observables remain anisotropic for any value of the Hund’s cou-
pling. Importantly, we find that the orbital isotropy can be induced in both half-filled and doped cases, where
the magnetic instability is associated with different, antiferromagnetic and ferromagnetic modes, respectively.
An accurate description of many-body effects in strongly-
interacting multi-orbital systems represents a challenging
problem for theoretical condensed matter. In addition to col-
lective charge, spin and superconducting fluctuations that are
present in effective single-band models, realistic materials
also possess orbital degrees of freedom, which even more
complicates solution of the problem. In this case, it is a pri-
ori difficult to say, which collective electronic effects domi-
nate, and how do they renormalize various properties of the
system. Therefore, a correct solution of the interacting multi-
orbital problem requires a consistent description of single- and
two-particle response functions, as well as an equal footing
treatment of main collective instabilities.
A consistency between single- and two-particle levels
is naturally preserved in the dynamical mean-field theory
(DMFT) [1]. In this method, all local correlation effects
are considered exactly via an effective impurity problem, but
nonlocal fluctuations are disregarded. Many attempts to ac-
count for spatial fluctuations diagrammatically beyond DMFT
were made [2], such as the GW+DMFT approach [3–9], the
dynamical vertex approximation (DΓA) [10, 11], the dual
fermion (DF) [12–14] and dual boson (DB) [15–18] theories
including their diagrammatic Monte Carlo realizations [19–
21], as well as the recently introduced triply irreducible local
expansion (TRILEX) [22–24], and the TRILEX2 approxima-
tion of the DB theory [25]. However, only few of these meth-
ods, namely the GW+DMFT [4, 26–30], the quasi-particle
self-consistent GW (QSGW) merged with DMFT [31–34],
and the ab initio DΓA [35, 36], are currently available in a
multi-orbital realization. Among them, only the ab initio DΓA
allows to treat different collective electronic fluctuations on
equal footing. Unfortunately, this is accompanied by a com-
plex diagrammatic structure, which makes this method time
consuming numerically. On the contrary, the GW+DMFT
method appears as one of the simplest diagrammatic exten-
sions of DMFT. A consistent description of single- and two-
particle observables is achieved there by introducing an ana-
log of the Almbladh functional [37] that relates the self-energy
and polarization operator. However, such approaches do not
consider vertex corrections [31, 32, 38–40] and also miss non-
local magnetic effects. Thus, the description of spatial spin
correlations in realistic multi-orbital systems usually relies on
a calculation of DMFT susceptibility with dynamical vertex
corrections [41–43]. An evident drawback of this nonself-
consistent approach is that it does not allow for feedback
effects of nonlocal collective fluctuations on single-particle
quantities.
In this work, we address the problem of spin fluctuations in
realistic multi-orbital systems close to a magnetic instability.
To this aim we design a minimal consistent multi-orbital dia-
grammatic extension of DMFT on the basis of the TRILEX2
approach [25], which is computationally tractable. The in-
troduced theory has a diagrammatic structure similar to GW,
but, in contrast to GW, it enables to incorporate leading col-
lective electronic effects including magnetic fluctuations in a
simple partially bosonized way [44, 45]. The method also
takes into account the feedback of the nonlocal fluctuations
onto the single-particle quantities and vice versa in a self-
consistent way. Finally, an account for the three-leg fermion-
boson vertex corrections at both sides of the self-energy and
polarization operator diagrams improves the GW diagrammat-
ics and accurately preserves the orbital structure of spatial
fluctuations in the system. Thus, the resulting multi-orbital
TRILEX2 theory combines all desired levels of consistency
advertised above.
Here, we apply our novel method to a realistic three-orbital
model with a perovskite t2g symmetry. Prototype materials
for this model are transition metal oxide compounds, e.g.
Sr2RuO4 and LaTiO3, where the t2g symmetry is related to d-
orbitals. Strong magnetic response in these materials has been
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2revealed by inelastic neutron scattering experiments [46, 47].
High anisotropy of the considered model makes it an attractive
playground for investigation of the interplay between orbital
and spin degrees of freedom. Thus, it has been argued that the
competition between the superexchange interaction, which is
highly frustrated on a perovskite lattice, and the Hund’s cou-
pling leads to a disordered orbital ground state in LaTiO3 [48].
The orbital nature and importance of the Hund’s coupling for
strong magnetic fluctuations has also been pointed out for
Sr2RuO4 [34, 42, 43, 49–51]. A mean-field like description
of local Coulomb correlations tends to enhance the anisotropy
of the system. For instance, this leads to the orbital order-
ing in perovskites [52], Pierles instability [53], strong crystal-
field splitting [54], and the Fermi-surface instability related to
the Pomeranchuk effect [55]. Taking into account long-range
fluctuations may drastically change this physical picture [56].
In support of this statement we find that collective spin fluc-
tuations enhanced by large Hund’s coupling strongly reduce
the orbital anisotropy of the perovskite structure. As a conse-
quence, magnetic fluctuations become isotropic in the orbital
space, which is demonstrated for the half-filling, as well as for
the doped case of 4/3 electrons per orbital. This result shows
the important role that the local Hund’s exchange interaction
plays not only for the local spin physics, but also for the sym-
metry and orbital structure of spatial magnetic excitations.
Model — We start with a realistic t2g tight-binding model
for the perovskite structure described by the three-orbital
Hamiltonian
H = −
∑
i j,l,σ
tlli jc
†
ilσc jlσ +
1
2
∑
j,ll′
(
Uchll′ n jln jl′ + U
sp
ll′m jlm jl′
)
, (1)
where operator c(†)ilσ annihilates (creates) an electron with spin
projection σ = {↑, ↓} on site i and orbital l = {1, 2, 3}. The
anisotropy in this model originates from hopping parameters
tlli j that are diagonal in the orbital space and have the following
structure in momentum (k) space [57]
tllk =  + 2tpi(Cα + Cβ) + 2tδCγ + 4tσCαCβ. (2)
Here,  is the center of bands, and Cα = cos kα. For simplic-
ity, we introduce three nonequivalent α, β, γ indices, where
first two are defined by the orbital label l = {αβ} with 1 = yz,
2 = zx, and 3 = xy. The last index γ takes the remaining value
among {x, y, z}. Therefore, orbital degrees of freedom are tied
to a spatial motion of electrons, because former can hop only
within the same orbital in a strictly defined direction, which is
different for every considered orbital. tpi,δ,σ are main hopping
processes that provide the t2g symmetry. We choose tpi = 1,
which defines the energy scale of the system, and a realistic
value for tδ = 0.12 from SrVO3 perovskite model [57]. We
note that tσ plays a role of t′ in a two-dimensional model for
cuprates and shifts the van-Hove singularity (vHS) away from
the Fermi level. The presence of the vHS at the Fermi energy
results in a peak in the density of states, which enhances cor-
relation effects in the system. Thus, for the half-filled case
〈nl〉 = 1 we preserve the particle-hole symmetry for t2g bands
and set tσ = 0. For the doped case with 〈nl〉 = 4/3 we take the
positive value for tσ = 0.35 [57], which ensures that the vHS
again appears at the Fermi level [58].
The on-site charge and spin density operators are defined as
n jl = n jl↑ + n jl↓ and m jl = n jl↑ − n jl↓, where n jlσ = c†jlσc jlσ.
The interaction is parametrized in the Kanamori form [59]
with intraorbital U and interorbital U′ Coulomb interactions,
and the Hund’s coupling J. This parametrization is rotation-
ally invariant provided U′ = U − 2J. Given that the matrix
of hoppings is diagonal in the orbital space, we consider only
density-density part of the Kanamori interaction
2Uch =
 U U
∗ U∗
U∗ U U∗
U∗ U∗ U
 , 2Usp =
−U −J −J−J −U −J−J −J −U
 , (3)
where U∗ = 2U′ − J. This expression for the interaction be-
tween charge and spin densities can be obtained rewriting the
intraorbital Coulomb potential in the Ising-like form
Unil↑nil↓ =
U
4
(
nilnil − milmil
)
. (4)
As has been shown recently, this decoupling provides a rela-
tively good result for the self-energy if the interaction is con-
sidered in a partially-bosonized form [24, 25]. We note, that
the most accurate form of the interaction can not be obtained
by any decoupling of the intraband Coulomb potential, which
is discussed in details in Ref. 25. However, this point is not
of a crucial importance for the current work that attempts to
include spin fluctuations in simple GW-like calculations of
multi-orbital systems for the first time.
Many-body effects — We point out that the noninteracting
part of the problem (1) is highly anisotropic. We find, that
switching-on many-body effects can drastically change this
property of the system. Here, collective electronic fluctua-
tions are taken into account via the simplest consistent dia-
grammatic extension of DMFT, which yet allows to consider
desirable lowest-order vertex corrections without heavy nu-
merical efforts. This theory is formulated as a multi-orbital
extension of the TRILEX2 approach [25] that has been in-
troduced recently as a simplified version of the dual boson
(DB) theory [15–18]. Both methods use DMFT as a starting
point for a diagrammatic expansion that accounts for spatial
correlation effects. Thus, the local self-energy Σimpll (ν) and
polarization operator Πimpl′l′′ (ω) are given by an effective im-
purity problem of DMFT. In order to avoid double-counting
issues, diagrammatic part of the theory is formulated in a
dual space. To this aim, one can perform a transforma-
tion of initial fermionic variables and exactly integrate out
the local impurity problem [25]. This allows to construct
an analog of the Almbladh functional [37] in the dual space
Ψ[G,Wς,Λς] = 12GllΛ
ς
ll′W
ς
l′l′′Λ
∗ ς
l′′lGll, which guarantees a con-
sistency between single- and two-particle quantities by means
3FIG. 1. Diagrams for the nonlocal self-energy Σll and polarization
operator Πll′ . Grey triangles correspond to full local vertex functions
Λll′ of DMFT impurity problem. Wiggly line depicts the renormal-
ized interaction Wll′ . Other bold lines are dressed nonlocal Green’s
functions Gll. Labels l = {1, 2, 3} are orbital indices. Summation over
internal orbital indices is implied.
of the nonlocal self-energy and polarization operator
Σll(k) = −
∑
q,l′l′′,ς
Λ
ς
ll′ (ν, ω) Gll(k + q) W
ς
l′l′′ (q) Λ
∗ ς
l′′l(ν, ω) (5)
Π
ς
l′l′′ (q) = 2
∑
k,l
Λ
∗ ς
l′l (ν, ω) Gll(k) Gll(k + q) Λ
ς
ll′′ (ν, ω) (6)
Here, labels k = {k, ν} and q = {q, ω} describe momen-
tum k (q) and Matsubara fermion (boson) frequency ν (ω)
dependence. Wςl′l′′ (q) is the full renormalized interaction,
and Gll(k) is the nonlocal part of the lattice Green’s func-
tion Gll(k). These quantities can be obtained self-consistently
via standard Dyson equations G−1ll (k) = G−1ll (k) − Σll(k) and
Wς −1l′l′′ (q) = U
ς −1
l′l′′ − Πςl′l′′ (q), where Gll(k) is the bare Green’s
function of the problem (1), and Σll(k) = Σ
imp
ll (ν) + Σll(k)
and Πl′l′′ (q) = Π
imp
l′l′′ (ω) + Πl′l′′ (q) are the total self-energy and
polarization operator, respectively [60]. In this way, the
TRILEX2 theory provides an equal footing description of col-
lective charge (ς = ch) and spin (ς = sp) fluctuations. Finally,
it is worth noting that the introduced improved GW-like form
for the nonlocal self-energy (5) and polarization operator (6)
additionally accounts for vertex corrections at both sides of
diagrams. Here, Λ∗l′l is a complex conjugate of the full lo-
cal fermion-boson vertex Λll′ given by DMFT impurity prob-
lem. Fig. 1 explicitly shows, that this form of the diagrams
allows to preserve the correct orbital symmetry of electronic
fluctuations. Indeed, now the orbital structure of both lattice
sites that are connected by the nonlocal Green’s function G
is considered in a symmetric way, which is not provided by
the original TRILEX approach [22, 23]. It should be pointed
out that the full local vertex function Λll′ serves as the bare
interaction vertex in the renormalized perturbation TRILEX2
theory [25]. Therefore, the introduced diagrammatic struc-
tures (5) and (6) do not contradict with the exact Hedin form
for the self-energy and polarization operator [61]. As has been
clarified in Ref. [62], both these expressions can be identically
rewritten in the conventional Hedin form that contains a non-
local vertex function at one side of the diagram.
A particular symmetry of the considered model (1) allows
to use a simplified version of the multi-orbital TRILEX2 ap-
proach [63], where the vertex function Λll′ and renormalized
interaction Wl′l′′ are taken in the density-density form and de-
pend on two orbital indices instead of four. This makes the
dressed Green’s function Gll diagonal in the orbital space and
FIG. 2. The absolute value of the diagonal Wsp11 (top) and nondiag-
onal Wsp12 (bottom) components of the renormalized spin interaction
Wspll′ (qx, qy; qz = 0, ω = 0) obtained for the half-filled t2g model for
U = 4. Indices 1 and 2 correspond to yz and zx orbitals, respec-
tively. Color bars show the strength of Wsp. (a) In the case of a small
Hund’s coupling J = 0.2, the diagonal component of the interaction
is highly anisotropic and is almost dispersionless along qx direction.
(b) Increasing the Hund’s coupling to J = 0.65, intraorbital spin
fluctuations become isotropic with a pronounced antiferromagnetic
behavior depicted by the largest value of Wsp11 at corners of the Bril-
louin zone. (c, d) The nondiagonal interaction Wsp12 remains isotropic
in the (qx, qy; qz = 0) plane for both values of the Hund’s coupling,
which reflects the orbital symmetry of the t2g model.
thus anisotropic. However, as we shall see further, the ini-
tial single-particle anisotropy of the model (2) does not nec-
essarily extend to two-particle quantities. Indeed, although
the Green’s function is diagonal, the presence of vertex cor-
rections Λll′ leads to nondiagonal contributions to the non-
local polarization function (6). Further, a matrix structure of
the Dyson equation for the renormalized interaction Wl′l′′ even
more entangles orbital and spatial degrees of freedom. In this
way, strong nonlocal collective fluctuations, which are mag-
netic in our particular case, can destroy the spatial anisotropy
in the orbital space. This observation allows to reconsider the
commonly believed mean-field-based statement that correla-
tions usually tend to increase the anisotropy of the system.
Orbital isotropy of magnetic fluctuations — Remarkably,
we find that the strength and orbital structure of spatial mag-
netic fluctuations are controlled by the value of the local
Hund’s coupling J. To illustrate this point, let us first con-
sider the interacting three-orbital model (1) at half-filling with
U = 4 and temperature T = 1/2. For the specified parameters,
the leading eigenvalue (l.e.) λ of the Dyson equation for the
renormalized interaction Wl′l′′ indicates that strongest collec-
tive excitations in the system correspond to a magnetic insta-
4FIG. 3. Momentum resolved imaginary part of the Green’s function
G11(kx, ky; kz = 0, ν = 0) for the dyz orbital obtained for (a) J = 0.2
and (b) J = 0.65. For both values of the Hund’s coupling J the
Green’s function remains anisotropic.
bility channel. We observe that for a relatively small J = 0.2,
the l.e. for the spin channel is not very large (λ = 0.78). In this
case, diagonal (intraorbital) parts of the renormalized spin in-
teraction Wspll are much larger than nondiagonal (interorbital)
ones, as shown in panels a and c of Fig. 2. Moreover, the
Wsp11(qx, qy; qz = 0, ω = 0) component of the interaction is
highly anisotropic in momentum space and is almost disper-
sionless along qx direction. This spatial structure of the renor-
malized spin interaction originates from the orbital symmetry
of t2g hopping processes tllk (2). The same symmetry also leads
to the identical qy and qz momentum dependence of W
sp
11(q).
Importantly, all three diagonal components Wsp11, W
sp
22, and W
sp
33
of the interaction show a similar behavior in momentum space
with a pronounced dispersionless structure along qx, qy and qz
directions, respectively. This result suggests that for a small
Hund’s coupling, orbital degrees of freedom are anisotropic.
Increasing the value of the Hund’s coupling to J = 0.65,
the magnetic l.e. approaches unity (λ = 0.99), which indi-
cates that spin fluctuations are strongly enhanced [64]. This
can also be concluded from Fig. 2 comparing the amplitude
of the renormalized spin interaction for two considered cases
of J. Moreover, at large value of the Hund’s coupling in-
terorbital components of Wsp (Fig. 2 d) become comparable
to intraorbital ones (Fig. 2 b). This is the first signature of the
isotropic orbital behavior of magnetic fluctuations. A prox-
imity of the l.e. to unity indicates that all orders of an ef-
fective perturbation expansion given by the Dyson equation
contribute almost equally to the total Wsp. This leads to a
more thorough mixing of orbital and spatial degrees of free-
dom in the renormalized spin interaction. As shows Fig. 2 b,
this results in a highly isotropic form of spin fluctuations with
a clearly distinguishable antiferromagnetic (AFM) behavior.
Interorbital components of the renormalized spin interaction
remain isotropic in momentum space (Fig. 2 d). This means,
that orbital degrees of freedom are no more tied to a specific
spatial direction defined by hopping parameters tllk (2) of the
considered model. As a consequence, collective fluctuations
in the magnetic channel become orbitally isotropic.
Remarkably, Fig. 3 shows that the dressed Green’s function
remains anisotropic for both considered cases of the Hund’s
FIG. 4. The same components of the renormalized spin interaction
Wspll′ (qx, qy; qz = 0, ω = 0) as in Fig. 2 obtained for U = 5 for the
doped t2g model. (a, c) For small J = 0.2, the intraorbital interac-
tion Wsp11 is highly anisotropic, and spin fluctuations correspond to an
incommensurate spiral state associated with the momentum depicted
by black arrows. (b, d) For large J = 1, both intra- and interorbital
spin fluctuations are isotropic and ferromagnetic as shows the sym-
metric bright spot at the center of the Brillouin zone.
coupling. This can be explained by the fact that the bare
Green’s function is highly anisotropic and isolates only the
anisotropic contribution from the nonlocal self-energy (5), de-
spite that the renormalized interaction Wspl′l′′ can be isotropic.
Therefore, the orbital isotropy induced by strong magnetic
fluctuation can be revealed only in two-particle quantities,
such as the spin susceptibility or renormalized interaction.
Interestingly, similar effects can also be observed in the
doped regime where strong magnetic fluctuations are related
to completely different types of magnetic instability. Let us
repeat calculations for the same t2g model (1) for the elec-
tronic density 〈nl〉 = 4/3 per orbital and U = 5. Panels a and
c of Fig. 4 show that for a small value of the Hund’s coupling
J = 0.2 (λ = 0.71) the renormalized spin interaction is again
nearly diagonal in the orbital space and highly anisotropic. We
also find that upon doping the spatial structure of spin fluctu-
ations is considerably different from the half-filled case and
corresponds to an incommensurate spiral state with momen-
tum indicated by a black arrow. Nevertheless, the qx direc-
tion sill remains almost dispersionless. Increasing the value
of the Hund’s coupling to J = 1, the l.e. for the spin channel
again approaches unity (λ = 0.91). Straightforwardly, mag-
netic fluctuations become isotropic and exhibit a pronounced
peak at the center of the Brilouin zone (see Fig. 4 b, d), which
is associated with strong ferromagnetic (FM) fluctuations.
One can argue that the presented effect is conceptually sim-
5ilar to the orbital liquid state that can also be found in per-
ovskite transition metal oxides [48, 65]. As has been pointed
out in these works, the d1 configuration of the system, which
corresponds to the electronic density 〈nl〉 = 1/3 per orbital,
is characterized by a large orbital degeneracy. However, the
latter can be removed by strong AFM fluctuations that quench
the orbital moment and result in orbitally disordered ground
state. Our result suggests that strong FM fluctuations can also
be a driving force that can drastically change the initial sym-
metry of the system.
Conclusions — To conclude, in this work we have studied
collective spin fluctuations in a realistic strongly-interacting
highly-anisotropic three-orbital model. We have found that
the Hund’s coupling enhances collective electronic effects in
the spin channel. Strong magnetic fluctuations efficiently mix
orbital and spatial degrees of freedom leading to the orbitally
isotropic behavior of the system. The important ingredient
of this mixing are local vertex corrections introduced for the
nonlocal self-energy and polarization operator by TRILEX2
theory. In particular, these vertices produce nondiagonal con-
tributions to the polarization operator and thus provide a cor-
rect orbital structure of the renormalized spin interaction. As
the result, we have shown that the local Hund’s exchange in-
teraction may not only cause the suppression of the anisotropy
of the system, but can also control properties of nonlocal col-
lective excitations. Remarkably, the latter can be associated
with completely different instability channels, which has been
demonstrated for the case of antiferromagnetic and ferromag-
netic spin fluctuations.
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